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Let S be a graded Cohen-Macaulay quotient R/I of a polynomial ring R= 
k[X, ,..., A’,,] over an infinite field k. If S is in the linkage class of a complete inter- 
section then its Koszul homology and twisted conormal module arc 
Cohen-Macaulay. By passing to zero- and one-dimensional specializations of S, 
one can convert these properties into numerical test conditions for a graded algebra 
to be in the linkage class of a complete intersection. We prove that if S is 
generically a complete intersection and the minimal free solution of S is pure and 
almost linear, then S is not in the linkage class of a complete intersection (apart 
from a few obvious exceptions). For algebras of small codimension the results are 
stronger: if S has codimension three and has a pure resolution, then S is in the 
linkage class of a complete intersection if and only if S is Gorenstein; if S is a 
codimension four Gorenstein algebra with a pure resolution then S is in the linkage 
class of a complete intersection if and only if S is a complete intersection. 0 1986 
Academic Press, Inc. 
Let S be a (graded) quotient R/I of a polynomial ring R = k[X, ,..., X,] 
over a field k. If S is in the linkage class of a complete‘intersection, then it 
is extremely well behaved: it is Cohen-Macaulay, its Koszul homology is 
Cohen-Macaulay, and its twisted conormal module is also 
Cohen-Macaulay with the consequence that deformations of S are 
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unobstructed. Not only are these attractive properties, but they can also be 
converted into numerical conditions, which, at least in principle, can be 
used to test whether a given algebra might be in the linkage class of a com- 
plete intersection. To date this has been done for some scattered examples, 
and somewhat more systematically by Buchweitz [S, 5.3.4.43 for 
Gorenstein algebras of minimal multiplicity (those with 2-linear 
resolutions) and Ulrich [ 34, Proposition 5.31 for Cohen-Macaulay 
algebras with linear resolutions. In this paper we significantly extend the 
scope of application of these test conditions. Some of the estimates are 
quite subtle, and we observe that the tests differ considerably in their power 
of discrimination. Perhaps not surprisingly the Cohen-Macaulay property 
of the twisted conormal module, which is a linkage invariant [S, 61, is 
more useful than the Cohen-Macaulay property for Koszul homology, 
which is only an even linkage invariant [ 141. Also, as the results of 
Huneke [lS] suggest, one can frequently obtain similar results for 
Gorenstein algebras as for Cohen-Macaulay algebras that are generically 
complete intersections, although we do have results in which neither extra 
hypothesis is required. 
Before summarizing our main results, we recall that if S is 
Cohen-Macaulay of codimension two or Gorenstein of codimension three, 
then it is in the linkage class of a complete intersection [29, 3, 361. We 
exclude these algebras and complete intersections themselves from further 
consideration. In Theorems 2.5, 4.5, and 5.1 we prove that if S is generically 
a complete intersection and the minimal resolution of S is pure and almost 
linear, then S is not in the linkage class of a complete intersection. If S has 
small codimension we can prove more. If S has codimension three and has 
a pure resolution, then S is in the linkage class of a complete intersection if 
and only if S is Gorenstein (Theorem 2.5). If S is a codimension four 
Gorenstein algebra and has a pure resolution, then S is in the linkage class 
of a complete intersection if and only if S is itself a complete intersection 
(Theorem 3.1). 
We also prove several results that show only certain sequences of twists 
and Betti numbers can occur in minimal homogeneous resolutions of 
graded Cohen-Macaulay algebras. For instance, if S has an almost linear 
resolution and has codimension four and Cohen-Macaulay type two, then 
the resolution is uniquely determined (Theorem 4.4): 
The compressed algebra techniques of Iarrobino [IS] and Froberg and 
Laksov [S] show that such an algebra actually exists. A somewhat easier 
result (Proposition 2.3) is that no almost complete intersection of codimen- 
sion three has a pure resolution. These results are proved by means of the 
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formulas of Herzog and Ktihl [12] that express Betti numbers in pure 
resolutions in terms of the twists, together with analysis of some Diophan- 
tine equations. 
1. PRELIMINARY RESULTS 
Throughout this paper k is an algebraically closed field and R = 
4X, ,..., X,] is a polynomial ring. (Apart from the appeals to deformation 
theory one generally needs only to assume that k is infinite to freely choose 
regular sequences for linkage.) Except where otherwise noted R has the 
standard grading with deg Xi = 1. We shall always assume that the ideal 
Ic R is homogeneous and denote R/I by S. We are interested in 
establishing situations in which S is not in the linkage class of a complete 
intersection. Rather than adding the hypothesis “and S is not a complete 
intersection” to each of our results, we decree here, once and for all, S is 
not a complete intersection. By the resolution of S, we mean the minimal 
homogeneous resolution of S by free R-modules, 
O+ & R(-d,,)+ ... -+ $ R(-d,,)+ 5 R(-d,,)+R. (1.1) 
i= 1 i=l i= I 
The twist M( -d) of a graded module M has ith graded piece M( -d), = 
Mied. Since all ideals in the linkage class of a complete intersection are 
necessarily perfect, there is no loss of generality if we insist that I is perfect, 
or in other words, S is Cohen-Macaulay and g, the projective dimension of 
the R-module S, is equal to the gade of Z. (The codimension of S is the 
same integer g.) Nearly all the resolutions that we consider are pure. This 
means that there are constants d, < d, < “. < ci, with 
d,i=dl, dzi = d,,..., dzi = d, 
for all i. Herzog and Kiihl [ 12, Theorem 1 ] have expressed the Betti num- 
bers in a pure resolution of a Cohen-Macaulay module in terms of the 
twists 
b,= ni+ldi 
’ n,+j Idi-djl’ (1.2) 
Using the Herzog-Kiihl formula, Huneke and Miller [16, Theorem 1.21 
were able to express the multiplicity of S in terms of the twists 
g!. (1.3) 
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Of course, if S happens to be zero-dimensional, then (1.3) gives a formula 
for the length of S. 
If resolution (1.1) satisfies the additional hypothesis that d, = d,- 1 + 1, 
for 2 d j < g - 1, then it is called almost linear, and all d, may be expressed 
in terms of d = d, . If (1.1) is pure and almost linear with d, = d, _ i + r, then 
the Herzog-Ktihl formula for the last Betti number is 
b =d(d+l).-.(d+g-2) 
g r(r+l)*,*(r+g-2)’ (1.4) 
It follows from the fact that b, is an integer that 1 <r d d. If r = 1, then 
(1.1) is called linear. If r = d, then b, = 1 and S is Gorenstein. 
Ideals Z and J of R are linked (denoted Z-J) by the regular sequence 
y c In .Z if Z, J, and y all have the same grade, and 
Hom,(RIZ, R/y) = NJ, 
Hom,( R/J, R/y) = R/Z. 
See [3,29,24] or [26] for the elementary results about linkage. Ideals I 
and J are in the same linkage class if there is a sequence of links J= 
I,-I, - ... N Z, = I. An ideal Z is in the linkage class of a complete intersec- 
tion if any of the ideals in the linkage class of Z are generated by a regular 
sequence. 
We start many of our calculations by replacing S with a zero- or one- 
dimensional specialization. Since k is an infinite field, there is a regular 
sequence y of one-forms in R with y regular on S and S= S/(y) having the 
appropriate dimension. When we write S is an equivariant deformation of S, 
we mean S= S/(y) for y as above. In particular, S= R/r where R is the 
polynomial ring R/(y). Since Tor”(S, R) = 0 for positive i, it is clear that 
the minimal homogeneous resolution of S as an R-module has the same 
twists and Betti numbers as the minimal homogeneous resolution of S over 
R. If S is in the linkage class of a complete intersection, then by choosing y 
to avoid all the associated primes of all the ideals in one chain of links from 
Z to a complete intersection, we may assume that S is also in the linkage 
class of a complete intersection (see [17, Lemma 2.121). It is also worth 
recording here that for dim S= 0 the graded structure of socle(S) = (O:ms) 
is determined by the twists dgi, namely 
socle( S) = C$ k( - dgi + g). 
r=, 
(1.5) 
A proof can be found in [S, Sect. 4(g)] or [30, Lemma 4.43. 
The algebra S = R/Z (or the ideal I) is said to be generically a complete 
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intersection if Sp is a complete intersection for all primes P in R minimal 
over I. If S is in the linkage class of a complete intersection, then it is 
possible to deform S to obtain a Cohen-Macaulay algebra T of the same 
codimension that is generically a complete intersection. Indeed by [35, 
Corollary 2.21 we may even insist that T be reduced: one replaces the links 
that join Z to a complete intersection by “semi-generic” links; the technique 
is also illustrated in [17, 24, 261. In this way we also see that T is a 
quotient of a polynomial extension P of R. It is, however, not always 
possible to select T to be the quotient of a polynomial ring by a 
homogeneous ideal such that T is an equivariant deformation of S as 
described above. 
One of our main tools is the following Cohen-Macaulay criterion. 
PROPOSITION 1.1. Let S be a Cohen-Macaulay local ring, M be a finitely 
generated S-module with well-defined and positive rank, and let y be a system 
of parameters for S. Then 
~WY)) rank(M) G EM/ W. 
Furthermore equality holds if and only if M is Cohen-Macaulay. 
Proof: The assertions are a blend of Theorems 6 and 9 from Section 7.4 
and Theorem 11 of Section 7.9 in Northcott [28]. Alternatively see Herzog 
[ll, Proposition 1.11. 1 
Buchweitz [S, 6.2.1 l] and Huneke [ 14, Theorem 1.141 have proved that 
if S is generically a complete intersection in the linkage class of a complete 
intersection, then S is strongly unobstructed and strongly Cohen- 
Macaulay. This means that the twisted conormal module (Z/f)Ow,, 
respectively, the Koszul homology modules Hi(S), are Cohen-Macaulay. 
We shall use Proposition 1.1 to obtain numerical conditions on these 
modules that must be satisfied if S is in the linkage class of a complete 
intersection. An explication of the notation and a precise formulation of the 
conditions now follow. 
We begin with the twisted conormal module (Z/Z2) 0 o = ZOO = 
Torp(S, o), where w is the canonical module of S. Buchweitz and Ulrich [6, 
Corollary 3.31 extended the above cited result of Buchweitz by showing 
that the depth of the twisted conormal module is an invariant of the 
linkage class of S, and moreover they were able to drop the hypothesis that 
S be generically a complete intersection. Herzog [lo] calls S strongly 
unobstructed if Z@ w is Cohen-Macaulay. The terminology arises from his 
result that if S is reduced, complete, and strongly unobstructed, then there 
are no obstructions to lifting infinitesimal deformations of S. 
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LEMMA 1.2. Let S= R/I be a quotient of a polynomial ring R. If S is in 
the linkage class of a complete intersection, then 
-- 
where s = R/I is a zero-dimensional specialization of S and 6 = o Q S. 
Proof. Note that S is necessarily Cohen-Macaulay and that 0 is also 
the canonical module of S. Let T be a deformation of S that is generically a 
complete intersection, and let or. be the canonical module of T. Writing 
T= P/J, we observe that the twisted conormal module o,@ J has rank 
equal to g, the grade of I (or J). Now by [ 5, 6.2.111 we know that wr@ J 
is a Cohen-Macaulay module, so by Proposition 1.1 we have l(U,@J) = -- 
g. I( T) for any zero-dimensional specialization T = P/J of T. In particular 
any specialization S of S is also a specialization of T. The weaker for- 
mulation of the conclusion will make subsequent proofs more trans- 
parent. 1 
Remark. The variables adjoined to R to form P may not have degree 
one (or in other words T may not be an equivariant deformation of S), but 
we can choose S so that S is an equivariant deformation of S. 
We turn now to Koszul homology. Let b = b, be the first Betti number of 
S and let z = z1 ,..., z6 be a minimal generating set for the ideal Z. Since the 
homology of the Koszul complex [lb(z; R) is independent of choice of 
minimal generating set of 1, we let H,(S) denote H,(Dd(z; R)). Clearly 
H,(S) r S. The first homology fits into an exact sequence (see [ 13, 14, 321) 
of S-modules. Simis and Vasconcelos [32] identify the kernel of IX with the 
kernel of the natural map from the second symmetric power of Z to 12. The 
cotangent functor T2( -, - ) has various definitions, but with any of them 
T,(S/k, S) can also be identified with ker(a). It is easy to see that if I is 
generically a complete intersection and H,(S) is Cohen-Macaulay, then 
ker( tx) = 0. 
Huneke calls S strongly Cohen-Macaulay if all the Koszul homology 
modules H,(S) are Cohen-Macaulay. He proved [ 14, Theorem 1.141 that 
if S is in the linkage class of a complete intersection (and not necessarily 
generically a complete intersection), then S is strongly Cohen-Macaulay. If 
S is a Cohen-Macaulay ring of deviation at most two (i.e., ~(1) d 
2 + grade(l)) then S is strongly Cohen-Macaulay [ 1, Supplement]. 
LEMMA 1.3. Let S= RfI have resolution (1.1). Assume all b, generators 
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of I have the same degree d, and that I is in the linkage class of a complete 
intersection. 
(a) If S is Gorenstein, then 
(b) Zf some equivariant deformation of S is generically a complete 
intersection, then 
Proof: We note that S is Cohen-Macaulay and grade(l) = g. Part (a) is 
the content of Corollary 4.11 and Proposition 4.12 in Huneke [15]. First, 
he shows that Ker(a)=O, and then he uses this result to estimate p(Z’). 
We now prove (b). Since g, d, and 6, are unaltered under equivariant 
deformation we may as well assume S itself is generically a complete inter- 
section. Let J be the ideal that defines the complement of the complete 
intersection locus of S. By hypothesis ht,J 2 1, and we may as well assume 
equality holds. If y is a regular sequence of linear forms in S that avoid the 
associated primes of the ideals in a chain of links from I to a complete 
intersection and that make up a system of parameters for S/J, then S= 
S/(y) is still in the linkage class of a complete intersection and still 
generically a complete intersection. Furthermore, the one-dimensional 
specialization S has the form R/1, where R = k[X, ,..., X,, ,I, grade(T) = g, 
and f is generated by b, forms of degree d. We have seen that S is strongly 
Cohen-Macaulay, and from the discussion preceding the lemma we also 
know that S,(r) 2 12. Since the generators of 12 are all of degree 2d it 
follows that 
= 4WM = l(r2),, d 1(&j) = 
2. CODIMENSION THREE ALGEBRAS WITH PURE RE.WLUTIONS 
Let Z be a grade three perfect ideal in the polynomial ring R. Assume 
that the minimal resolution lF of the graded algebra S= R/Z is pure: 
ff:O+R*‘(-(d+a+b))+Rbt(-(d+a))+Rbl(-d)+R. (2.1) 
Watanabe [36] showed that if S is Gorenstein, then S is in the linkage 
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class of a complete intersection. In Theorem 2.5 we prove the converse. 
There is no need to insist that Z be generically a complete intersection; and 
there is no need to insist that (2.1) be almost linear; in other words a may 
be larger than one. 
Buchsbaum and Eisenbud [ 31 completely classified codimension three 
Gorenstein algebras. Kustin and Miller set out to extend the 
Buchsbaum-Eisenbud result and in a sequence of papers [19-261 they 
studied codimension four Gorenstein algebras. A different approach to 
extending the Buchsbaum-Eisenbud result is obtained by varying 
Cohen-Macaulay type (the number bR) instead of the codimension g. 
Gorenstein algebras are those Cohen-Macaulay algebras of 
Cohen-Macaulay-type one. In her thesis, Anne Brown [2] found the 
resolutions for a family of codimension three Cohen-Macaulay algebras of 
type two. All of the algebras studied by Brown are in the linkage class of a 
complete intersection. In [ 16, Ex. 2.91 Huneke and Miller offer a codimen- 
sion three, Cohen-Macaulay, type 2 algebra S = R/Z which does not 
“appear” to be in the linkage class of a complete intersection. By the last 
comment, we mean that if Z is linked to J using forms of minimal degree 
and .Z is linked to K again using forms of minimal degree, then the 
resolution of K has the same twists and Betti numbers as the resolution of 
I; hence, it “appears” that linkage does not lead to a complete intersection. 
Fortunately the resolution of S is pure, 
O+R*(-6)+R9(-4)+R'(-3)+R, (2.2) 
so we may apply Theorem 2.5 to conclusively state that S is not in the 
linkage class of a complete intersection. Also, the resolution of R/J is pure: 
O+R'(-6)-,R9(-5)+R5(-3)-R, (2.3) 
so Theorem 2.5 may also be applied to it. More information about 
resolutions (2.2) and (2.3) may be found in Example 2.6. 
In the course of proving Theorem 2.5 we answer a very special case of a 
question raised by Huneke and Ulrich. Let (1.1) be the homogeneous 
resolution of the R-algebra T. Huneke and Ulrich [17, Theorem 4.21 
proved that if T is rigid, T, is a complete intersection for all primes q of T 
with dim T,d2, and 
(g- l)mgx {dli} <min {&I (*I 
then the divisor class group of T is a cyclic module generated by the 
canonical class. In particular, if T is Gorenstein, then T is a unique fac- 
torization domain. A fair number of resolutions [17, Sect. 5; 203 are 
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known to satisfy (*); all of these resolve algebras which are in the linkage 
class of a complete intersection. Huneke and Ulrich asked if there was a 
reason for this. For the resolutions under consideration in this section, 
namely those of form (2.1), condition (*) becomes 2d -c d + a + b or d < 
a + b. In Proposition 2.4 we prove that (2.1) satisfies (*) only if I is in the 
linkage class of a complete intersection. 
LEMMA 2.1. Z/F is a pure resolution as in (2.1), then b,b3(b, + 6, - 1) is 
a perfect square. 
Prooj: If the twists are given by (2.1) then by formula (1.2) we know 
b =d(d+4 b Jd+l+W 
3 b(a+b)’ * ab ’ 
Rank considerations yield b, = b3 + 6, - 1; hence 
bb,(a + b) + bd= d(d+ a) + db = ba(b, + b, - 1). 
Since b is not zero we conclude 
d=a(b,+b,-l)-b,(a+b)=ab,-a-b,b. 




Since a is an integer, the discriminant 
D=(-2b,b,b)*-4(b;-b,)(bfb*-b,b*) 
is a perfect square. But D = 4b*b,b,(b, + b, - 1). Consequently 
b, b,(b, + b, - 1) is a perfect square. 1 
PROPOSITION 2.3. An almost complete intersection of grade three cannot 
haue a pure resolution. 
Proof: Suppose that b, = 4 in resolution (2.1). If J is linked to Z by a 
regular sequence consisting of three forms of degree d, then T= R/J has 
resolution 
481/102/l-14 
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where 0 < E < 3. Since T is Cohen-Macaulay of type one, it is Gorenstein 
and the resolution is therefore symmetric. If E -=z 3, then a = d = 2d - a - b. If 
E = 3, then a = 2d - a - b and 2d = d + a by examination of the linking 
process. In either event b = 0, which is impossible. 1 
PROPOSITION 2.4. Zf resolution (2.1) satisfies condition (*), then Z is a 
Gorenstein ideal in the linkage class of a complete intersection. 
Prooj The hypothesis asserts that d < a + b. From Herzog and Kiihl, 
(1.2), we know that 
b Jd+4(d+a+b) 
1 a(a + b) 
=(f+l)(-&-+1) 
and 
b =W+a) d+a d -=--. 
3 b(a+b) b a+b 
Since d/(a + 6) < 1, we have 
b1-c 2((d/a) + 1) and b, < (d + a)/b. (2.4) 
First, we use the inequalities to learn that either 6, < 5 or bj < 2. If d < 2a 
then b, < 6. On the other hand, if a < d/2, then d< a + b implies that 
d/2 < 6. In this case 
b <d+<d+(d/2)=3, 
3 b 42 
The ideal Z is perfect and has grade three. Since b, is the number of 
generators of Z, we know that 3 < b, . If b, = 3, then Z is a complete intersec- 
tion; hence Z is Gorenstein. If bl = 4, then Z is an almost complete intersec- 
tion, but Proposition 2.3 shows that almost complete intersections of grade 
three never have pure resolutions. If b, = 5, then by (2.4), 5 < 2((d/a) + 1); 




Consequently, if 6, = 5, then either b3 = 1 and Z is Gorenstein or b3 = 2, 3, 
or 4. However, these choices of bl and bj do not have the property that 
b, b,(b, + 6, - 1) is a perfect square. By Lemma 2.1 there are no length 3 
pure resolutions with 6, = 5 and b, = 2,3, or 4. 
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Finally, if 6, = 1, then I is Gorenstein. If b3 = 2, then by (2.4) 
2=b <d+a<2a+b 
3 b b; 
hence b < 2a and d< a + b < 3a. Again by (2.4) 6, < 2((d/a) + 1) < 8. None 
of the pairs b3 = 2 and 6, = 3,4,5,6, or 7 yields 6, b,(b, + b3 - 1) a perfect 
square, and once again, there are no length 3 resolutions with these choices 
for b, and b,. 1 
THEOREM 2.5. Let S be a codimension three quotient of the polynomial 
ring R. If the resolution of S is pure, then S is in the linkage class of a com- 
plete intersection if and only if S is Gorenstein. 
ProoJ: We assume that S is not Gorenstein, but is in the linkage class 
of a complete intersection. Let (2.1) resolve S= R/Z. By Lemma 1.2 it suf- 
fices to assume that S is zero-dimensional and to prove that 
31(S) < l(Z@ w), 
where o is the canonical module of S. Apply - @ R~ to (2.1) to get the 
presentation 
If we compute the length of Z@ o just up to degree d+ a + b - 2, then we 
see that 
o+b-2 b-2 
l(IOo) 2 b, C l(oi)-b2 1 l(oi). 
i=O i=O 
Apply Hom,( -, R( - (d + a + 6)) to (2.1) to obtain the resolution of o g 
Ext3(S, R): 
O+R(-(d+a+b))+Rb’(-(b+a))+Rb2(-b)+Rb3+w--+0. 
It follows that 
and the summations can be computed by using Cy=“=, l(Ri) = (r ’ ‘). By (1.3) 
the multiplicity, or equivalently, length of R/Z is d(d+ a)(d+ a + b)/6, so it 
suffices to show that 
&d(d+a)(d+a+b)<b,b, (a+;+1)-b,b2(a;1)-b2b,(b;1). 
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Using (1.2) it is not difficult to see that the last inequality is equivalent to 
0<2ab(d-(a+b))+d+b. 
From Proposition 2.4 we know that a + b < d since Z is not Gorenstein. The 
inequality holds and Z is not in the linkage class of a complete intersec- 
tion. 1 
EXAMPLE 2.6. (Assume char k# 2, 3.) Let R=k[v, x, y, z]. We shall 
exhibit reduced Cohen-Macaulay one-dimensional algebras S = R/Z and 
T= R/J that have minimal homogeneous resolutions (2.2) and (2.3), 
respectively. These are the first known examples of reduced 
Cohen-Macaulay, codimension three algebras of type two and deviation 
two, respectively, that are not in the linkage class of a complete intersec- 
tion. A further remarkable feature is that H,(S) is Cohen-Macaulay, a 
property heretofore only seen for algebras of deviation at most two [ 1, 
Supplement] and algebras in the linkage class of a complete intersection. 
-- 
We begin with an example from [ 16, Ex. 2.9.1. The algebra T= R/J has 
a resolution of form (2.3) where R= k[x, y, z] and J= (x3, y3, z3, xyz, g) 
with 
g = x’y + x*z + y*x + y*z + z*x + z’y. 
There is an equivariant deformation T of T defined by 
J= (x3 - v*x, y3 - u*y, z3 - v*z, xyz, f), 
f = g + 0(x’ + y* + z’) - v’(x + y + z) - 2v3, 
with relations R9( - 5) + R5( - 3) given by the matrix of Fig. 1. Let u be the 
regular sequence x3- v2x, y3 - v2y, z3 - v’z, and let Z= (u):J. It is easy to 
check that the ideal 
(x3 - v2x, y3 - v*y, z3 - v*z, x2* - xy*, yx* - yz*, zx2 - zy*, 
xz2 - x’y + v(x’ - y’) + v2( y -x), 
yx2 - y*z + v( y* - z’) + v’(z - y)) 
is contained in Z. Since S= R/Z has resolution (2.2), the ideal Z is generated 
by eight cubits, which must in fact be the ones listed above. The Jacobian 
matrices of Z and J both contain the submatrix 
I 
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If P is a prime ideal in R such that S, or Tp is not regular, then 
(u) + I,(M) % P, and in particular (3x2 - u2)(3y2 - u2)(3z2 - u’) is in P. We 
readily see that P= (x, y, z, u), so T and S are regular at their minimal 
primes, and hence reduced. 
It remains to show that H,(S) is Cohen-Macaulay. Since S is generically 
a complete intersection H,(S) has well-defined rank equal to deviation 
(I) = 5. We apply Proposition 1.1 to the zero-dimensional specialization -- 
s= R/Z, where I= (x3, y3, z3, xz2 - xy2, yx2 - yz2, zx2 - zy2, xz2 - x2y, 
yx2 - y2z). The length of S is calculated using (1.3). We shall demonstrate 
that 
Z(H,(S)@S)=51(S)=60. 
It is easy to see that H,(S) = H,(S) 0 3 and we denote this module simply 
H,. Then H, = Z,/B,, and there are exact sequences 
O+~2(-6)+R9(-4)-+Z,+0 
O-tZ2~I12*(-6)+B,+0. 
Hence CP,0(HI)i=9+27+24=60 and I(H,),=I(Z,),-I(B,),=l(Z,),. 
Mike Stillman has used his computer program at the University of 
Chicago to check that there are no linear relations on the generators of B, , 
i.e., 1(Z,), = 0. Since all the generators of H, have degree 4, we have 
(Hl),c (x, y, z)~H, for ia 8. By (1.5) the socle of 3 lives in degree 3; hence 
(x, y, ~)~~Iand (H,)jcIH, =0 for iB8. Consequently Z(H,)=60. 
In the following example we exhibit a resolution with the property that 
linkage by homogeneous forms of minimal degree does not lead to a com- 
plete intersection. This is the same behavior as seen in Example 2.6 (see the 
discussion of the sequences (2.2) and (2.3)). 
EXAMPLE 2.7. Iarrobino [18, Example 4.201 has asked about the 
linkage class of any algebra S with resolution 
O+R3(-8)+R8(-6)+R6(-4)+R. (2.5) 
He observed that if T is linked to S by R/(x) where x is a regular sequence 
of forms of degree four, then the twists and Betti numbers in the resolution 
of T are also given by (2.5). Since the resolution of S is pure, Theorem 2.5 
shows that S is not in the linkage class of a complete intersection. 
3. CODIMENSION FOUR GORENSTEIN ALGEBRAS WITH PURE REXILUTIONS 
THEOREM 3.1. Zf S is a codimension four Gorenstein quotient of the 
polynomial ring R and if the resolution of S is pure, then S is not in the 
linkage class of a complete intersection. 
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Proof: Using the Herzog-Kiihl formula (1.2) for Betti numbers, 
Huneke and Miller [16, Lemma 1.111 have shown that there are positive 
integers x and y such that the minimal resolution of S by free R-modules is 
O-+R(-2x(y+l))+R”(-x(y+2)) 
-,R*“~*(-X(y+l))jR”(-xy)~R, (3.1) 
where n = (y + 1)‘. The ideal Z is not a complete intersection; hence y > 2. 
Assume that S is in the linkage class of a complete intersection. By [ 15, 
Corollary 4.111 we may assume that S is a zero-dimensional quotient of 
R = K[X,, X2, X,, X,] and that 
&H,(S) L K1 0 s-z/z*-0 
is a short exact sequence of graded S-modules. We will obtain a contradic- 
tion by showing that for some degree i, 
By analyzing the Koszul complex in terms of cycles and boundaries, we 
obtain l(Hl)i= l(zl)i- lCK2)i + ltz2)i; and since z, = 
im[R*“-* ( -xy - x) -+ R”( -xv)] in the resolution of S, it follows that 
f(Hl)i~~(Zl)i-z(K2)i 
> (2n-2) Z(R( -xy-X)i)-nz(R( -xy-2x),)- (;) Z(R( -2xy);). 
By (1.5) the socle of S lives only in degree 2x(y + 1) - 4, and since the 
Hilbert function of a graded Gorenstein algebra is symmetric [33, 
Theorem 4.11, we have Z(K,@S)i=nZ(S(-xy)i)=nZ(S,) for N= 
3xy + 2x - 4 - i If i > 2x( y + 1) - 4, then xy > N and Z( S,) = I( RN) because 
the generators of Z all have degree xy. In this case we conclude that 
In particular for i = 2x( y + 1) - 2, we have (using n = ( y + 1)‘) 
/(HI )i - ltKl 0 s)i 
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for all x > 1 and y 3 2. Hence c( cannot be injective in degree i, the desired 
contradiction. m 
EXAMPLE 3.2. If X is a (y + 1) x (y + 1) matrix of indeterminates and Z 
is the ideal in R=k[(X,}] g enerated by the y x y minors of X, then by 
Gulliksen and NegHrd [9] the minimal homogeneous resolution of R/Z is 
the pure resolution 
It follows that R/Z is not in the linkage class of a complete intersection. 
This fact is already known by Huneke [ 14, Ex. 2.53. 
QUESTION. Can the linkage classes of codimension four Gorenstein 
algebras with pure resolutions be classified in terms of the parameters x 
and y from (3.1)? 
4. CODIMENSION FOUR ALGEBRAS WITH PURE ALMOST LINEAR RESOLUTIONS 
In this section, Z is a grade four perfect ideal in a polynomial ring R and 




The Betti numbers are given by the Herzog-Kiihl formulas 
b Jd+l)(d+2)@+2+r) 
1 2(r+2) 
b =d(d+ l)(d+2+r) 
’ 3 2r ’ 
(4.2) 
b =d(d+2)(d+2+r) 
2 r+l ’ 
b =w+ lNd+2) 
4 r(r+ l)(r+2)’ 
Since b, is, of course, an integer we have 1 d r < d. Furthermore, r = d if 
and only if Z is Gorenstein. In Section 3 we learned that codimension four 
Gorenstein algebras with pure resolutions are not in the linkage class of a 
complete intersection; consequently, we may assume 1 <r < d. The main 
result here is Theorem 4.5, which states that if Z is generically a complete 
intersection, then S is not in the linkage class of a complete intersection. 
Along the way we establish two results of independent interest. In 
Theorem 4.4 we prove that if the Cohen-Macaulay type of S (i.e., b4) is 
two, then resolution (4.1) can have only one form, namely d = 4 and r = 3. 
In Proposition 4.1 we establish that for certain r and d the ideal Z is not in 
the linkage class of a complete intersection, without assuming that Z is 
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generically a complete intersection. If one has a particular ideal in hand 
(together with its resolution, which can be readily produced by computer if 
need be) then it is much easier to verify a simple inequality involving r and 
d than it is to verify that the ideal is generically a complete intersection. 
Moreover many examples are zero-dimensional and we know of no general 
method to determine whether a nontrivial equivariant deformation exists, 
let alone one that is generically a complete intersection. Proposition 4.1 
improves the grade four case of a theorem of Ulrich [34, Proposition 5.31. 
He showed that if S is generically a complete intersection and has a linear 
resolution (i.e., r = 1) then S is not strongly unobstructed and therefore is 
not in the linkage class of a complete intersection. 
PROPOSITION 4.1. Let S be resolved by (4.1). Zf any of the following con- 
ditions hold: 
(a) rG9, 
(b) dd 19, 
(c) r < l.S&, 
(d) r < 0.32d, 
then I is not in the linkage class of a complete intersection. 
Proof We may assume that 1 B r < d. For (a), (b), (c) we apply 
Lemma 1.2. It suffices to assume dim S = 0 and to show 
41(S) < l( 0 0 I), 
where o is the canonical module of S. Since 
cob2(-(d+l))+obl(-d)+o@Z+O 
is exact, we see that 
f(o@1)3 f l(w@I)i 
i=O 
zig0 Cb,f(o(-d)i)-b,I(o(-d-l)i)l 
for any m. The minimal homogeneous resolution of w is given by 
Hom(lF, R( -(d+ r + 2))): 
O+R(-(d+r+2)) 
+ Rbl( - (r + 2)) 
-+ Rb2( - (r + 1)) 
+ RbS( - r) -+ Rb4. 
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Take m=min{d+2,d+r-1). Then 
I 
hh if r=l 
Z(oQZ)> 5b,b4-b2b4 if r=2 
15blb4-5b2b4 if ra3. 
By formula ( 1.3) we have 
Z(S) = (d+ r + 2)(d+ 2)(d+ 1) d/24 
and hence 
41(S) < b,b, 
I 
if r=l and db2 
5b,b4-bzb4 if r=2 and d>2. 
A straightforward calculation shows that 41(S) < 15b, b4 - 5b2 b4 if and only 
if f(r, d) > 0, where 
f(r,d)=(r-1)d2+(5r+1)d+6(r+1)-r(r+1)2(r+2)2/15. (4.3) 
One easily sees that f(r, d)>O if dam,(r), where m2(r) is given by 
r m(r) r m(r) 
3 3 I 18 
4 6 8 22 
4 9 9 28 
6 13 
It is also easy to see that if r < d < m,(r), then b4 is not an integer. It 
follows that if r < 9, then I is not in the linkage class of a complete intersec- 
tion. Also, if 10 < r < dd 19, then b, is not an integer. Consequently if 
d < 19, then I is not in the linkage class of a complete intersection. 
If r > 20 then r + 1~ (1.05) r, r + 2 < (1.1) r, and r < (20/19)(r - 1). It 
follows that if 20 <r < (1.8) 3, then r(r + 1)2(r + 2)* < 15(r - 1) d2 and 
f(r, d) > 0. To finish the proof of (c) we need only see that if 10 < r < 19 
and r < (1.8) & then either f(r, d) > 0 or b, is not an integer. The 
calculation is summarized in the following chart, where ml(r) = 
min(dl(l.8) $> r} and, as before, m*(r) is defined by the property that 
f(r, d) > 0 for d> m*(r). For future reference we also note m3(r), which is 
defined by the property that b, is not an integer for m3(r) G d< m,(r); 
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r ml(r) mArI mdr) 
10 31 34 21 
11 38 40 12 
12 45 47 21 
13 53 54 14 
14 61 62 49 
15 70 70 16 
16 80 79 17 
17 90 89 18 
18 100 99 19 
19 112 109 76 
Since r<(1.8)& ’ pl’ im ies dam,(r) and dam*(r) implies f(r, d)>O, to 
verify (c) we need only check that b, is not an integer for ml(r) <d< m,(r); 
this is readily done in the cases that are not already vacuous. 
To prove (d) we take .Z to be any ideal that is linked to I by a regular 
sequence x of d-forms contained in Z, and we now let o denote the 
canonical module of R/J. It suffices to show that J is not in the linkage 
class of a complete intersection; by Lemma 1.2 we may assume that 
dim R/J= 0 and need only show that 41(R/J) < I(w @ J). The resolution of 
R/J is obtained by taking the mapping cone of the dual of the comparison 
map W(x) + [F. We thus obtain a presentation for 00 J, namely, 
~“(-2d)@co6’(-(3d-2))+co4(-d)@wb4(-(3d-2-r))-+w@J+O 
and the resolution of o 
O+R(-3d)+Rb4(-2-r)@R4(-2d)+Rb3(-2)@R6(-d) 
+ Rb2( - 1) -+ Rbl ~ 4, 
From the mapping cone construction we know that the map m6( -2d) + 
&( - (3d - 2 - r)) is zero. It follows that Z(o @J) 2 E, where 
2d- 1 3d-3 
E= 1 4Z(w(-d)i)+ 1 b41(co(-3d+2+r)i). (4.4) 
i=O i=O 
By Matlis duality Z(R/J) = d4 - /(R/Z). The length of R/I may be computed 
using the multiplicity formula (1.3), and we obtain 
4Z(R/J)=4d“-d(d+ l)(d+2)(d+2+r)/6. 
It suffices now to show that 
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is positive. A lengthy, but straightforward calculation yields 
g(r, d) = Y f ci ‘d d’+ dS + 6d4 + 13d3 + 12d2 + 4d, 
i=O 0 
where 
c5(x) = 3 + 6x -44x2 - 3x3, 
c4(x) = 24 - 108x + 90x2 - 9x3, 
c3(x) = - 25 + 321x -46x2 - 6x3, 
c2(x) = 264 - 63x - 84x2, 
Cl(X) = - 14 -210x, 
co(x) = - 132. 
One can use calculus to see that if 0 <x d 0.32, then cg(x) B 0.3, c4(x) > 
-1.7, c3(x) > -25, c2(x) 2 235, and c,(x) 2 -81.2. Consequently if 




Cl 2 d’ 2 0.3d5 - 1.7d4 - 25d3 + 235d* - 81.2d- 132 
i=o 
and since the last expression is positive for all integers d> 2 we have 
g(r, 4 > 0. I 
Remark 4.2. The bounds listed in Proposition 4.1 cannot be improved 
very much. If Z is an ideal with r = 10 and d = 20 or with r = 12 and d = 26, 
then our best estimate for Z(Z@ o) is still less than 41(R/Z), and with J 
linked to Z as in the proof above our best estimate for f(J@ o) is still less 
than 4QRI.Z). We can, however, show that Z is not in the linkage class of a 
complete intersection if we also assume that (some equivariant deformation 
of) Z is generically a complete intersection (see Proposition 4.3). For r = 10 
and d= 20 the Herzog-Ktihl equations (4.2) yield integral Betti numbers: 
b, = 616, b,= 1280, b3 = 672, and b,= 7. Similarly if r = 12, d=26, then 
b, = 1080, bz = 2240, b3 = 1170, and b4 = 9. The existence theorems for 
compressed algebras given by Iarrobino and others [ 18,8,4] show such 
resolutions are not just possible, but actually do exist. We return to this 
topic in Section 6. 
If one optimizesf(r, d) in (4.3) more carefully, then one can improve (c) 
to include values of r and d such that r < 1.9$. Similarly, the expression 
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41(0( -d)J - 61(w( -2d)J is positive for all i less than or equal to 
approximately 2.3d. If one replaces the first summation in (4.4) with 
Ocz2,3d C41(o(-d)i)-61(0(-2d)i)l 
. . 
then one can improve (d) to include cases in which r G 0.38d. 
FROFQSITION 4.3. Let S be resolved by (4.1). If d > 20, b, > 3, and (some 
equivariant deformation of) S is generically a complete intersection, then S is 
not in the linkage class of a complete intersection. 
ProoJ By Lemma 1.3, it suffices to show that 
It is straightforward to check that the inequality is equivalent to f (r, d) > 0, 
where 
fk, 4=c3 (;)d3+c2(;)d2+cI(;)d+c,,(;). 
c3(x) = 3 + 6x - 13x2, 
c2(x) = 21- 34x-23x2, 
c,(x)= -10-74x, 
q,(x) = - 56. 
Observe that if 0.7d< r, then (since we are assuming throughout that r -C d) 
it follows that 
b =W+W+2)< 
4 r(r+l)(r+2) 
By hypothesis b4 3 3; consequently r <0.7d. For 0 <x < 0.7 we have 
c,(x)>O.83, c*(x)> -14.07, and c,(x)> -61.8. Hence 
f(r, d) B 0.83d3 - 14.07d2- 61.8d- 56, 
and the last expression is positive for d > 21. If d= 20 and b, is an integer 
then either r < 9 or r = 10. The case r < 9 is covered by Proposition 4.1 and 
for r = 10 we simply note that f (10,20) > 0. Thus in all cases we conclude 
that Z is not in the linkage class of a complete intersection. 1 
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At this point the only situation remaining untouched is the case d 2 20 
and b4 = 2. The following purely number-theoretic result rules out this 
possibility, and indeed furnishes a much more precise statement of just 
which resolutions are possible. 
THEOREM 4.4. Let S be a codimension four quotient of the polynomial 
ring R. If S has Cohen-Macaulay-type two and has a pure almost linear 
resolution, then the resolution of S is given by (4.1) with d= 4 and r = 3. 
Proof: (Filaseta, Hudson, Richman). The Cohen-Macaulay type of S 
is equal to the Betti number b4 which is given in (4.2). Let x = d+ 1 and 
y=r+l. It s ff u ices to show that the only solution of the Diophantine 
equation 
x3-x=2(y3- y) (4.5) 
with x and y both at least two is x = 5 and y = 4. 
First, we show that if (x, y) is a solution of (4.5) with x and y positive, 
then there are integers a and c with a a divisor of 6, c a positive common 
divisor of x and y, and 
x3-2y3=x-2y=ac3. (4.6) 
Let p be a prime with 5 6 p. Suppose that ph is the highest power of p that 
divides x3 - 2y3; write h=3k+r with ka0 and OdrG2. Since x=2y 
(mod p”), we see that 
If r>O then pk+’ divides y; hence p k+l divides x and p3k+ 3 divides 
x3 - 2y3, contradicting our choice of h. Thus r = 0. Similar reasoning shows 
that if p = 2 or 3, then r = 0 or 1. Absorbing the sign of x3 - 2y3 into a, we 
obtain the factorization exhibited in (4.6). 
Let x = SC and y = tc. We seek positive integers s and t that are solutions 




where a divides 6 and c > 0. If a > 0 then s - 2t > 0. It follows that s3 > 8t3 
and hence a = s3 - 2t3 > 6t3 2 6. In this case (4.7) has no solution. Mordell 
[27, Theorems 5 and 6, pp. 22&225] and Carmichael [7, Sect. 16, 
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pp. 67-731 solve the Diophantine equation u3 + pu3 = q with p = 2 or 4 and 
q = 1 or 3. The solutions are 
2 1 1 0 
2 1 -1 1 
4 1 1 0 
2 3 1 1 
2 3 -5 4 
4 3 -1 1 
After making the appropriate changes of variables we find all solutions of 
(4.7) for a = - 1, -2, - 3, and -6. Discarding those solutions with c < 0, 
we find the remaining solutions all have c = 1, so solutions of (4.6) are 
given by x = s and y = t as follows: 
a x Y 
-1 -1 0 
-1 1 1 
-2 0 1 
-3 -1 1 
-3 5 4 
Of these solutions to (4.5) only the pair x = 5, y = 4 has x and y at least 
two. i 
THEOREM 4.5. Let S be a codimension four quotient of the polynomial 
ring R. If S has a pure almost linear resolution and tf some equivariant defor- 
mation of S is generically a complete intersection, then S is not in the linkage 
class of a complete intersection. 
Proof The resolution of S is given by (4.1) with 1 d r < d. If d < 19, 
then Proposition 4.1 applies. If b, = 1, then S is Gorenstein and the result 
has been established in Theorem 3.1. If b4 = 2, then d= 4 by Theorem 4.4, 
and Proposition 4.1 applies. Proposition 4.3 treats the remaining cases: 
206dand 3<b,. 1 
5. ALGEBRAS OF CODIMENSION AT LEAST FIVE 
WITH PURE ALMOST LINEAR RESOLUTIONS 
THEOREM 5.1. Let S be a quotient of a polynomial ring R with codimen- 
sion g at least five. If some equivariant deformation of S is generically a com- 
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plete intersection or if S is Gorenstein, then S is not in the linkage class of a 
complete intersection. 
Proof: The resolution of S is given by 
O+H(-(d+g+r-2))+R+l(-(d+g-2))+ ., 
~RbZ(-(d+l))~Rb’(-d)~R 
with 1 < r < d, 6, as in (1.4), and from (1.2) 
(5.1) 
By Lemma 1.3 it suffices to show that 
(5.2) 
if some equivariant deformation of S is generically a complete intersection 
and to show 
(5.3) 
if S is Gorenstein. If d = 2 and r = 1, then the resolution of S is linear. 
Ulrich [34, Proposition 5.31 has shown that 3 is not strongly unobstructed 
and that therefore 3 and S are not in the linkage class of a complete inter- 
section. (Here 3 is an equivariant deformation of S which is generically a 
complete intersection.) If d = 2 and r = 2, then S is Gorenstein and (5.3) is 
easily verified. (The algebras with d = r = 2 are the Gorenstein algebras of 
minimal multiplicity. Buchweitz [ 5, Remarque 5.3.4.43 has already seen 
that these algebras are obstructed.) 
Henceforth we assume 1 < r dd, 3 < d, and 5 d g. Since 
we need only verify (5.2). Let 
A(g,d)=(dlTi2) and B(g,d)=A(g,d)2dd+f~~~. 
Since r<d, we see from (5.1) that A(g,d)<B(g,d)<b,; hence 
Wg, W&s d)G 
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for 
R(g,d)=(A(g.zd,,l) and R(g,d)=(B(g’i)+l). 
Let L(g, d) be the expression on the left side of (5.2). For each g and d with 
3 d d and 5 < g, we will show that either L( g, d) < R(g, d) or L(g, d) < 
i?(g, d), thus establishing (5.2). The proof requires several steps. 
CLAIM 1. IfL(g,d)<R(g,d), thenL(g+l,d)<R(g+l,d). 
Since L( g + 1, d) = L( g, d)(2d + g + 1 )/( g + 1) it suffices to show that 
(2d+g+1)R(g,d)d(g+l)R(g+l,d). (5.4) 
Recall that 
Ng, 4 = t&r, d)(A(g, 4 + 1) (5.5) 
and that A(g+ 1, d)=A(g, d)(d+ g- l)/(g- 1). Multiply both sides of 
(5.4) by 2( g - 1 )2/dA( g, d) to get the equivalent inequality 
This last inequality is easily verified since g - 1 d A( g, d). 
CLAIM 2. IfL(g,d)<R(g,d)and66g, thenL(g,d+l)<R(g,d+l). 
Since 
L(g d+l)=(2d+g+2)(2d+g+1)L(g d) 
(2d+2)(2d+ 1) ’ ’ 
it suffices to show that 
(2g+g+W+g+l)R(g d)<R(g d+l), 
(2d+2)(2d+ 1) ’ ’ ’ (5.6) 
Use (5.5) and the fact that A(g, d+ l)=A(g, d)(d+ g- l)/(d+ 1). Mul- 
tiply inequality (5.6) by 4(d + 1)*(2d + 1 )/A( g, d) to obtain the equivalent 
inequality 
8d2+g2d+gd+12d+g2+g+4 
< A (g, d)(4d2g - 16d2 + 3g2d - 1 lgd - 8d + g2 - 7g). 
481/102;1-15 
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Since d < A( g, d), it suffices to show that 
8dg+ 12d+ g2+ g+4<d3(4g- 16)+d2(3g2- llg- 16). 
Since g 2 6, it follows that g < 4g - 16 and $g2 Q 3g2 - 1 lg - 16; thus it suf- 
fices to show 
12d+ 4 < g2(td2 - 1) + g(d3 - 8d- 1). 
This inequality holds because 3 < d implies 
ad’ 6 id2 - 1 and 1$d3-8d-1, 
and 6 < g implies 12d 6 9d2 6 ag’d”. 
CLAIM 3. Verify that L(8, 3) < R(8,3), L(7,4) < R(7,4), L(6,6) < 
R(6,6), L(7,3) < &7,3), L(6,3) < w(6,3), L(6,4) < i?(6,4), and L(6,5) < 
i?(6, 5). 
CLAIM 4. If 3 < d, then L(5, d) < &5, d). The inequality is equivalent to 
0 < lOd* - 3d- 79 which certainly holds for 3 < d. 
Inequality (5.2) can now be established by induction for all g and d with 
3 6 d and 5 6 g. The proof is complete. u 
6. FURTHER EXAMPLES AND QUESTIONS 
The original impetus for this work stems from some computations made 
by the second author and Huneke. They were interested in determining if 
the results of [13] might be useful in developing the linkage theory of 
various Gorenstein algebras, not necessarily with pure resolutions. It turns 
out that the techniques of this paper can be used in an ad hoc manner for 
Cohen-Macaulay algebras whose resolutions are not pure, but as yet we 
have no general theoretical approach. The coordinate rings, Gorenstein of 
codimensions five and six, of certain canonical curves (or their affine cones) 
given by Schreyer in his thesis [31, pp. 7-81 provide fairly typical exam- 
ples, of which the following is one. 
EXAMPLE 6.1. Let R=k[X, ,..., A’,] and S = R/I have resolution 
R9( -4) R16( - 3) 
O+R(-8)+R”(-6)+ + @ +R”(-2)+R. (6.1) 
R9( -4) 
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One possibility is that Sr T/(y), where y is a form of degree two and T is 
Gorenstein of codimension four with resolution 
By Theorem 3.1 we know T, and therefore also S, is not in the linkage class 
of a complete intersection. If S is not such a hypersurface section, then we 
shall suppose that S is in the linkage class of a complete intersection and 
consider the exact sequence [15, Corollary 4.111 
o~H,-bs’“(-2)+z/z2+0 
together with its dual under Hom.( -, S), 
0 + (z/z2)* + S’O(2) + H: + Ext’(Z/Z’, S). 
The last term is zero since Z/Z2 @ os is Cohen-Macaulay and os g S for S 
Gorenstein. By the argument of [ 13, Theorem 1.31 we conclude that since 
S is not a hypersurface, H: is minimally generated by ten elements, all of 
the same degree. (Note that canonical curves are nonsingular, and in par- 
ticular S is generically a complete intersection.) As we are assuming that S 
is in the linkage class of a complete intersection, H, is Cohen-Macaulay 
and hence by Proposition 1.1 
Z(A,) = (rank H,) f(S) = 5( 12) = 60, 
where S is a O-dimensional specialization of S by linear forms. With I= 
kC Y, >..., Y,] in place of R the sequence (6.1) becomes a resolution of S, 
from which we can compute the length of A, ? H,(S) up to degree four: 
I(ir,)i=o for id2, 
l(Z?,), = 16, 
Z(B,), = 5( 16) - (:“) = 35. 
By [ 15, Corollary 4.91 the sequence 
is exact; hence (R,)i = 0 for i > 6, and socle (R,) c socle(S”( - 2)). Now S 
has Hilbert function (1, 5, 5, 1 ), so the socle of Z?, must live in degree live 
and have length at most ten. By Matlis duality the generators of socle (R,) 
correspond to the generators of Hom(B,, 3); and by [ 10, Lemma 2.71 this 
module is isomorphic to H: OS, which we have seen requires ten 
generators. Therefore Z(B,) = 16 + 35 + 10 = 61 > 60 in contradiction to our 
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first calculation. We conclude that S is not in the linkage class of a com- 
plete intersection. 1 
One feature that this example shares with others that we have been able 
to work with, despite the absence of formulas (1.2) and (1.3), is that S is a 
compressed Cohen-Macaulay algebra (clearly S has maximum length 
among the artinian Gorenstein algebras of codimension five with socle in 
degree three; see [8] and [ 181 for details). Since compressed algebras have 
resolutions that are not very far from almost linear, and since there are 
existence theorems for producing actual examples, this may be a reasonable 
class in which to begin the investigation of algebras with impure 
resolutions. 
We conclude by asking a few questions. The central problem of finding a 
complete set of necessary and sufficient conditions for an algebra to be in 
the linkage class of a complete intersection is probably too large to be 
addressed in full generality. This paper deals with the problem from the 
point of view of a particular, but very suggestive, smaller problem: if a 
(graded) algebra is in the linkage class of a complete intersection, can the 
linkage be realized by a chain of “minimal links?” “Minimal linkage” can 
be understood in two ways, both potentially useful. Let Z and J be ideals 
linked by a regular sequence y. If y begins a minimal generating set of Z, or 
if y consists of homogeneous forms from Z of smallest possible degee, then 
we call Z-J a “minimal link.” As we observed in Section 2, if S has a 
resolution of form (2.2) then no sequence of minimal links can lead to a 
complete intersection; in Theorem 2.5 we confirmed that S is not in the 
linkage class of a complete intersection. 
Just in the context of graded algebras with homogeneous resolutions 
there remain many questions. Can the hypothesis that S be generically a 
complete intersection always be removed (or, how difficult is it to guaran- 
tee that equivariant deformations exist)? What can one say about algebras 
of codimension at least four with pure (but not almost linear) resolutions? 
On many occasions we took advantage of the fact that the Herzog-Ktihl 
formulas for the Betti numbers in terms of the twists d, < d, < ... < d, 
must yield integers. Huneke and Miller [ 16, Ex. 2.91 observed that this 
condition is not sufficient (the Betti numbers for d, = 3, d, = 5, d, = 8 
would be those of a Gorenstein almost complete intersection). To 
determine which sequences of twists can actually occur one will need to 
incorporate conditions such as those of Lemma 2.1 or of the study of 
compressed algebras. 
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